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We evaluate energy levels of theKpi system in theK∗ channel in finite volume using chiral unitary
theory. We use these energy levels to obtain Kpi phase shifts, and then obtain the K∗ mass and
its decay width. We investigate their dependence on the pion mass and compare this with Lattice
QCD calculations. We also compare our method with the standard Lu¨scher approach, and solve the
inverse problem to obtain the Kpi phase shifts from these “synthetic” lattice data.
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I. INTRODUCTION
Lattice QCD is developing very fast in these years. One can use this method to evaluate the discrete energy levels of
the finite box, and then reconstruct phase shifts of the decay products in the continuum. To do this, one usually uses
the Lu¨scher’s approach [1, 2], which has a higher accuracy and consistency with the decay channels of the hadrons,
and so it is widely used in lattice studies [3, 4]. These discrete energy levels can not be directly measured in the
experiments. However, in Ref. [5] the authors proposed one method to estimate them through an effective approach
whose parameters are obtained by fitting the experimental data.
This method has been applied in Ref. [6] to obtain finite volume results from the Ju¨lich model for meson baryon
interaction, and in Ref. [7] to study the interaction of the DK and ηDs systems where the D
∗
s0(2317) resonance is
dynamically generated from the interaction of these channels [8–11]; the case of the κ resonance in the Kπ S-wave
channel is studied in Ref. [12]; the case of Λc(2595) resonance in the DN and πΣc channels in finite volume is studied
in Ref. [13]. An extension of the approach of Ref. [5] to the case of interaction of unstable particles is studied in
Ref. [14]. We also use it to study the interaction of two pions in the ρ channel in finite volume [15].
In the present work we shall study the Kπ interaction in the K∗ channel in finite volume. This K∗ meson has been
measured very well in the experiments and we can use the chiral unitary model to well describe it. Recently several
Lattice groups also studied it and evaluated the relevant discrete energy levels using the Lu¨scher’s approach [16, 17, 19].
Again we note that these energy levels can not be directly measured in the experiments, so one needs to make extra
efforts in order to compare these energy levels with the experimental data of the K∗ meson. Lattice theorists usually
transform these energy levels into the phase shifts, and then calculate the physical quantities of the K∗ meson.
Accordingly, one can do the opposite process [5], and this is what we shall study in this paper, i.e., in this paper we
shall follow the approach of Ref. [5], and inversely transform the experimental data of K∗ meson into “synthetic”
energy levels. To do this we need to use the chiral unitary model to study the Kπ interaction in the K∗ channel in
finite volume. To make a complete analysis, we shall also use these “synthetic” data to calculate the phase shifts and
then calculate the physical quantities for the K∗ meson. We shall refer to the results of Refs. [16–18] for comparison
along the paper. We shall also compare our method with the standard Lu¨scher approach, and solve the inverse
problem and obtain the Kπ phase shifts from these “synthetic” lattice data.
This paper is organized as follows. In Sec. II we study the Kπ scattering in the K∗ region using the chiral unitary
model both in infinite space and in finite volume. Then in Sec. III we use these formulae to evaluate energy levels and
phase shifts. The pion mass dependence of these results is studied in Sec. IV where we also study their comparison
with the Lattice data. We compare our method with the standard Lu¨scher approach in Sec. V, and solve the inverse
problem to obtain Kπ phase shifts from these “synthetic” lattice data in Sec. VI. Finally we show some concluding
remarks in Sec. VII.
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2II. THE CHIRAL UNITARY APPROACH IN INFINITE AND FINITE BOX
The Kπ scattering amplitude in P -wave has been studied in Refs. [20, 21] by using the chiral unitary model. In this
paper we shall follow the same approach and use the following Bethe-Salpeter equation in their on-shell factorized
form [20–23] (for a quantitative study of off-shell effects in this context, see, e.g., Ref. [24]):
T (s) =
V (s)
1− V (s)G(s) . (1)
Here we only consider the Kπ channel, but the Kη and Kη′ channels may also be important. In Ref. [25], the K∗(892)
is studied with the coupled channels Kπ, Kη and Kη′. The coupling of the K∗(892) to Kπ is the dominance, but
some smaller, although not negligible couplings to Kη and Kη′ are also found. The couplings by themselves do not
give a measure of the relevance of the channel, because if the mass of the channel is far away from the pole, the
relevance would be much smaller for a same coupling. Furthermore, in such a case, the effect of these channels and
other missing channels can be absorbed in the study with one channel by changing the subtraction constants, and
the energy dependence of the potential a bit, which is explicitly done in our model. Indeed, the fit to the data with
just the Kπ channel is very good, as found in Ref. [20] and shown below. Moreover, the elimination of one channel
in terms of an effective potential for another channel in the content of lattice QCD analysis has been shown to be a
valid and useful tool in Ref. [26].
The relevant V -matrix for the Kπ scattering has been studied in Refs. [20, 21, 27]:
V (s) = − p
2
2f2
(1 +
2G2V
f2
s
M2K∗ − s
) , (2)
where MK∗ is the bare K
∗ mass, f is the π/K decay constant, and GV is the coupling for a vector meson to two
pseudoscalar mesons. We note that this potential V (s) is a bit different from the one used in Ref. [21], where the
factor p2 is absorbed into their G-function so that V (s) does not depend on the momentum. The G-function for the
two-meson (π-K) propagator having masses mpi and mK is defined as
G(p2) = i
∫
d4q
(2π)4
1
q2 −m2pi + iǫ
1
(p− q)2 −m2K + iǫ
, (3)
where p is the four-momentum of the external meson-meson system. There are many methods to regularize this loop-
function. In Ref. [21] the authors use the cut-off method, but in this paper we shall use the dimensional regularization
which is more convenient when studying the Kπ interaction in finite volume. We note that these two methods are
equivalent up to certain energy level range, as proved in Ref. [23]. The dimensional regularization result is
G(s) =
1
(4π)2
{a(µ) + log m
2
pi
µ2
+
m2K −m2pi + s
2s
log
m2K
m2pi
+
Q(
√
s)√
s
[log(s− (m2K −m2pi) + 2
√
sQ(
√
s)) + log(s+ (m2K −m2pi) + 2
√
sQ(
√
s))
− log(−s+ (m2K −m2pi) + 2
√
sQ(
√
s))− log(−s− (m2K −m2pi) + 2
√
sQ(
√
s))]} ,
(4)
where s = p2, Q(
√
s) is the on-shell momentum of the particles, µ is a regularization scale and a(µ) is a subtraction
constant. In this paper we shall work in the center-of-mass frame, where the energy of the system is E =
√
s. The
regularization parameters are chosen to be
a(µ) = −1.0 , (5)
µ = MK∗ . (6)
The two parameters f and GV are taken from Ref. [21]:
GV = 53.81 MeV , (7)
f = 86.22 MeV , (8)
but the parameter MK∗ is a bit different from the one used in Ref. [21], because we are using the dimensional
regularization other than the cut-off method used in Ref. [21]. To fix MK∗ , we use the experimental data of the Kπ
P -wave phase shifts, which are related to the T (s) through:
T (E) =
−8πE
p cot δ(p)− ip , (9)
3where p is the center-of-mass momentum. We use the experimental data of Refs. [29, 30], and evaluate MK∗ . The
fitting results are shown in Fig. 1, where MK∗ is fitted to be:
MK∗ = 919.03 MeV . (10)
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FIG. 1: The solid curve shows Kpi scattering P -wave phase shifts obtained using Eq. (1) and Eq. (9), and the dotdashed curve
the results from Ref. [21]. The experimental data are taken from Ref. [29] and Ref. [30], shown using solid circles and triangles,
respectively.
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FIG. 2: The real part of Eq. (11). Here we choose L = 2.5 m−1pi and E = 800 MeV.
All the above formulae are defined in the infinite space. To study the K∗ meson in the finite volume, we simply
change the G-function of dimensional regularization (Eq. (4)) by the one which is defined in the finite box of side
L [7, 28], i.e., we simply change the integration over momenta by a sum over the discrete values of the momenta
allowed by the periodic conditions in the box. We denote the latter one by G˜(s, L), and it can be obtained through:
G˜(s, L)−G(s) = lim
qmax→∞
( 1
L3
qmax∑
qi
I(qi)−
∫
q<qmax
d3q
(2π)3
I(q)
)
. (11)
4In this equation the discrete momenta in the sum are given by ~q = 2pi
L
~n (~n ∈ Z3) and the function I(qi) is
I(qi) =
1
2ω1(~q)ω2(~q)
ω1(~q) + ω2(~q)
E2 − (ω1(~q) + ω2(~q))2 , (12)
where ω1,2(~q) =
√
m21,2 + ~q
2. We show the real part of G˜(s, L)−G(s) in Fig. 2 as a function of qmax, where L is fixed
to be 2.5 m−1pi and E to be 800 MeV. Its convergence is good when qmax is larger than 3000 MeV. However, we shall
still make an average of this quantity for smaller values of qmax in order to save the computational time [7, 28].
III. THE ENERGY LEVELS IN THE CHIRAL UNITARY APPROACH
To calculate the energy levels of the Kπ scattering amplitude in P -wave, we need to find the poles of the T (s)
matrix, which are just solutions of the following equation
1− V (s)G˜(s, L) = 0 . (13)
Here G˜(s, L) is defined in the finite volume and can be obtained through Eq. (11). From this equation we can clearly
see that the energy levels for Kπ P -wave scattering are functions of the cubic box size L, as well as the pion mass
mpi. In the following sections we shall study their dependence on these variables. In this section we study the volume
dependence and in the next section we shall study the pion mass dependence. We note again that our procedures
follow closely the method used in Refs. [7, 12–15, 28].
FIG. 3: Energy levels as functions of the cubic box size L, derived using G˜(s,L) from Eq. (11). We perform an average for
different qmax values between 1200 MeV and 2000 MeV.
In Fig. 3 we show the energy levels as functions of the cubic box size L, which are obtained after performing an
average for different qmax values between 1200 MeV and 2000 MeV. Actually, the results for different qmax values are
almost the same. In this figure we have used the dimensional regularization, Eq. (4), to calculate Eq. (3) and then
calculate G˜(s, L) of Eq. (11), while we can also use the cut-off method to calculate Eq. (3):
Gcutoff(s, L) =
∫
q<q′
max
d3q
(2π)3
1
2ω1(~q)ω2(~q)
ω1(~q) + ω2(~q)
E2 − (ω1(~q) + ω2(~q))2 , (14)
which can be inserted into Eq. (11) and then calculate G˜(s, L). The energy levels can be similarly calculated and the
results are shown in Fig. 4. We note that the cutoff used in Eq. (14), denoted as q′max, is different from qmax used in
Eq. (11). We choose q′max to be 724.70 MeV following Ref. [21]. It is significantly larger than the discrete momentum
2π/L = 433 MeV when L is around 2.0 m−1pi .
The phase shift can be extracted from these energy levels. To do this we follow the procedure used in Ref. [5], and
use Eq. (9) to calculate the Kπ P -wave phase shifts, where the scattering amplitudes T (E,L) are obtained using the
energy levels shown in Fig. (3):
T (E,L) =
V (E)
1− V (E)G(E) =
G˜(E,L)−1
1− G˜(E,L)−1G(E) . (15)
5FIG. 4: Solid curves are Kpi scattering energy levels evaluated using Eq. (4) and Eq. (11), and dashed curves are energy levels
evaluated using Eq. (14) and Eq. (11), when q′max = 724.70 MeV [21].
Here we have used Eq. (13), i.e., V (s)−1 = G˜(s, L). Although these procedures can be done for all energy levels, the
lowest energy level should be the best one, because we are using the chiral unitary approach which is an effective
theory for low energies. Accordingly, we use the lowest energy level to evaluate phase shifts, and the result is shown
in Fig. 5. For comparison, we also show the phase shifts evaluated using the second and the third energy levels.
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FIG. 5: On the left hand side, the curves ended with |-|, ‖-‖ and |‖-|‖ correspond to the phase shifts extracted from the
first(lowest), the second and the third energy levels of Fig. 3, respctively. On the right hand side, the solid curve is the phase
shift extracted from the lowest energy level, the dashed curve is the phase shifts calculated in the infinite volume, and the
experimental data are denoted as solid circles [29] and triangles [30].
Using the phase shift δ(E) we can fit the physical quantities for the K∗ meson, and evaluate mK∗ , gK∗piK and ΓK∗ .
We note that mK∗ is the K
∗ mass we obtained, i.e., one of our outputs; while MK∗ is the bare K
∗ mass, i.e., one of
our inputs. To do that, we use the following two equations in Refs. [15, 26] to extract the K∗ properties:
cot δ(s) =
m2K∗ − s√
s ΓK∗(s)
, and ΓK∗(s) =
p3
s
g2K∗piK
8π
. (16)
We note that the factor 8π in the second equation is our normalization, while in Ref. [18] the authors use 6π. The
results from fitting the phase shifts calculated using the lowest Kπ energy level are
mK∗ = 894.89
+39.75
−37.77 MeV , gK∗piK = 6.48
+0.13
−0.12 ,ΓK∗ = 50.68
+8.24
−8.00 MeV . (17)
In these results the theoretical uncertainties are estimated following Ref. [15], where we assume that the uncertainties
of the three parameters GV , MK∗ and f in Eq. (2) are all about 4%. The uncertainties of the energy levels and phase
6shifts are shown in Fig. 6. Particularly, the uncertainty of phase shifts is quite large around E = 900 MeV. However,
the fitted results shown in Eq. (17) have moderate and acceptable uncertainties, suggesting our method is “stable”
(see also the discussions in Sec. V).
Similarly, we can fit the second and the third energy levels. We find that the results do not change much: the
results from fitting the phase shifts calculated using both the first and the second energy levels are (overlapped points
are counted just once):
mK∗ = 894.78 MeV , gK∗piK = 6.34 ,ΓK∗ = 48.49 MeV , (18)
and the results from fitting the phase shifts calculated using all the three energy levels are (overlapped points are
counted just once):
mK∗ = 894.84 MeV , gK∗piK = 6.31 ,ΓK∗ = 48.04 MeV . (19)
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FIG. 6: Uncertainties of energy levels and phase shifts.
IV. DEPENDENCE ON THE PION MASS
As we know, due to the computer limitation, the Lattice QCD calculations usually use a non-physical pion mass.
Therefore, in this section, we also use non-physical pion masses to study the mass and decay width of the K∗ meson,
in order to compare with the Lattice QCD result. We define m0pi to be the physical π mass, and now mpi is a free
parameter. We change it from m0pi to 3m
0
pi. At the same time other parameters can also change with mpi. We follow
the same approach of Refs. [15, 31–34], where the variation of f as a function of mpi is
f(mpi)
f(m0pi)
= 1 + 0.048((
mpi
m0pi
)2 − 1), (20)
with f(m0pi) = 86.22MeV. The couplingGV is related to f [35–38], asGV = f/
√
2, valid to leading order, consequently,
we keep GV /f unchanged. The kaon mass mK can also change with the pion mass mpi, and we use the following
relation [39]:
m2K = a+ bm
2
pi, (21)
where a = 0.29 GeV2, and b = 0.67. We note that the Lattice calculations also use non-physical kaon masses [16, 17],
but all these values are not much different from the physical one. Accordingly, in this paper we shall first keep it
unchanged, then use the kaon mass in Eq. (21), and finally use the same values of mK as the Lattice ones [16, 17] in
order to compare our results with theirs. On the other hand, the bare K∗ mass, MK∗ in Eq. (2), provides the link of
the theory to a genuine component of the K∗ meson, not related to the Kπ component, and we assume it to be mpi
independent.
To calculate the energy levels we follow the same procedures which have been used in the previous section. The
result is shown in Fig. 7 where we have used mpi = 1.5 m
0
pi (left), mpi = 2.0 m
0
pi (middle) and mpi = 2.5 m
0
pi (right).
7FIG. 7: Energy levels as functions of the cubic box size L. The left, middle and right figures correspond to mpi = 1.5 m
0
pi,
mpi = 2.0 m
0
pi and mpi = 2.5 m
0
pi, respectively. The solid curves are obtained using the physical kaon mass mK = 496 MeV, and
the dotted curves are obtained using the non-physical kaon mass evaluated using Eq. (21).
FIG. 8: Kpi phase shifts with different pion masses. The left, middle and right figures correspond to mpi = 1.5 m
0
pi, mpi = 2.0 m
0
pi
and mpi = 2.5 m
0
pi, respectively. The solid curves are obtained using the physical kaon mass mK = 496 MeV, and the dotted
curves are obtained using the non-physical kaon mass evaluated using Eq. (21).
The solid curves are obtained using the physical kaon mass mK = 496 MeV, and the dotted curves are obtained using
the non-physical kaon mass evaluated using Eq. (21). We can see that the results obtained using these different kaon
masses do not differ much. Here, we note that the x-coordinate is expressed in units of m−1pi , not (m
0
pi)
−1.
These energy levels can be used to calculate the phase shifts again following our previous procedures. The results
are shown in Fig. 8, where again we have used mpi = 1.5 m
0
pi (left), mpi = 2.0 m
0
pi (middle) and mpi = 2.5 m
0
pi (right).
The solid curves are obtained using the physical kaon mass mK = 496 MeV, and the dashed curves are obtained using
the non-physical kaon mass evaluated using Eq. (21). We note that the dashed curve on the right of Fig. 8 vanishes,
because the sum of 2.5 m0pi and non-physical kaon mass mK = 610 MeV is already above the K
∗ threshold.
Now we can compare our results with the Lattice results of Refs. [16, 17], where mpi = 240 MeV and mK = 548
                                
                                ¡æ
                                ¡æ
FIG. 9: The Kpi energy levels obtained using the chiral unitary theory. In the left panel we use mpi = 240 MeV and mK = 548
MeV to compare with the results of Ref. [16], and in the right panel we usempi = 266 MeV and mK = 552 MeV to compare with
the results of Ref. [17]. We also show the Lattice results for comparisons [16, 17]. Here we do not evaluate their uncertainties,
but note that they are similar to Fig. 6.
8MeV are used in Ref. [16], and mpi = 266 MeV and mK = 552 MeV are used in Ref. [17]. We show their comparisons
in Fig. 9 and Tables I and II, where E1 and E2 are on the lowest and the second energy levels, and δ1 and δ2 are
extracted from E1 and E2, respectively. We find that the energy levels and the extracted phase shifts are similar, and
so our results compare favorably with those lattice results obtained in Refs. [16, 17]. Again the theoretical errors are
obtained by assuming that the uncertainties of the three parameters GV , MK∗ and f in Eq. (2) are about 4%. We
also show more points in Table III which may be useful.
TABLE I: Comparison with Ref. [16], where mpi = 240 MeV, mK = 548 MeV and L = 3 fm.
E1 E2
Our Results 912.6+33.4
−33.5MeV 1166.7
+5.2
−5.1MeV
Lattice Results 926.9+23.5
−10.0MeV 1171.7
+40.0
−22.5MeV
TABLE II: Comparison with Ref. [17], where mpi = 266 MeV, mK = 552 MeV and L = 1.98 fm.
E1 E2 δ1 δ2
Our Results 926.2+36.0
−36.8MeV 1511.4
+9.6
−7.5MeV 158.05
◦ +8.52
◦
−8.45◦
175.52◦ +2.79
◦
−3.62◦
Lattice Results 915.6 ± 3.0MeV 1522.3 ± 7.0MeV 160.61◦ ± 0.73◦ 177.0◦ ± 2.6◦
TABLE III: Some examples of energy levels and phase shifts.
mK = 500MeV mK = 600MeV
mpi = 250MeV
L = 1.5fm
E1 = 944.7MeV, δ1 = 158.41
◦ E1 = 944.1MeV, δ1 = 170.64
◦
E2 = 1836.0MeV, δ2 = 178.45
◦ E2 = 1889.0MeV, δ2 = 179.02
◦
L = 2.0fm
E1 = 923.9MeV, δ1 = 145.20
◦ E1 = 927.8MeV, δ1 = 165.35
◦
E2 = 1477.6MeV, δ2 = 174.33
◦ E2 = 1540.0MeV, δ2 = 175.78
◦
L = 2.5fm
E1 = 913.8MeV, δ1 = 127.68
◦ E1 = 921.2MeV, δ1 = 157.0
◦
E2 = 1271.8MeV, δ2 = 172.42
◦ E2 = 1342.0MeV, δ2 = 174.32
◦
L = 3.0fm
E1 = 908.4MeV, δ1 = 109.44
◦ E1 = 918.1MeV, δ1 = 148.59
◦
E2 = 1143.0MeV, δ2 = 170.96
◦ E2 = 1218.0MeV, δ2 = 173.86
◦
mpi = 300MeV
L = 1.5fm
E1 = 940.6MeV, δ1 = 163.41
◦ E1 = 939.9MeV
E2 = 1844.0MeV, δ2 = 178.76
◦ E2 = 1897.0MeV
L = 2.0fm
E1 = 924.6MeV, δ1 = 153.26
◦ E1 = 927.5MeV
E2 = 1494.2MeV, δ2 = 175.20
◦ E2 = 1557.1MeV
L = 2.5fm
E1 = 917.3MeV, δ1 = 139.31
◦ E1 = 922.8MeV
E2 = 1293.9MeV, δ2 = 174.03
◦ E2 = 1364.4MeV
L = 3.0fm
E1 = 913.7MeV, δ1 = 125.50
◦ E1 = 920.8MeV
E2 = 1168.8MeV, δ2 = 173.07
◦ E2 = 1244.7MeV
mpi = 350MeV
L = 1.5fm
E1 = 937.7MeV, δ1 = 169.80
◦ E1 = 936.9MeV
E2 = 1867.2MeV, δ2 = 178.96
◦ E2 = 1920.5MeV
L = 2.0fm
E1 = 925.2MeV, δ1 = 163.42
◦ E1 = 927.1MeV
E2 = 1517.1MeV, δ2 = 176.13
◦ E2 = 1580.7MeV
L = 2.5fm
E1 = 919.9MeV, δ1 = 154.35
◦ E1 = 923.9MeV
E2 = 1319.3MeV, δ2 = 175.07
◦ E2 = 1390.7MeV
L = 3.0fm
E1 = 917.5MeV, δ1 = 145.01
◦ E1 = 922.4MeV
E2 = 1196.9MeV, δ2 = 174.92
◦ E2 = 1274.0MeV
Finally, we use Eq.(16) to fit the phase shifts obtained using the lowest Kπ energy level, and obtain the K∗ mass
(left), the coupling constant gK∗piK (middle) and the decay width ΓK∗ (right), which are shown in Fig. 10 as functions
of mpi. We can see that the results of gK∗piK obtained using the physical kaon mass and non-physical kaon masses in
Eq. (21) are very similar, while the results of mK∗ and ΓK∗ are not so similar. This may be because the phase spaces
differ much, although the kaon masses do not differ much. We also note that when using Eq. (21), the physical kaon
mass mK = 496 MeV can not be reached at the physical pion mass mpi = 138 MeV. Therefore, the dashed curves
9and the solid curves are not connected. Again we can compare our results with the lattice results in Ref. [18], where
mpi = 266MeV, mK = 552MeV and L = 1.98fm. Their results are mK∗ = 891±14 MeV and gK∗piK = 5.7±1.6, which
change to mK∗ = 891± 14 MeV and gK∗piK = 6.6± 1.9 in our normalization after taking into account the factor 8pi6pi .
These results are in agreement, within uncertainties, with our result mK∗ = 910.5
+34.3
−33.8 MeV and gK∗piK = 5.61
+0.21
−0.27.
FIG. 10: The K∗ mass (left), the coupling constant gK∗piK (middle) and the decay width ΓK∗ (right) as functions of mpi.
The solid curves are obtained using the physical kaon mass mK = 496 MeV, and the dashed curves are obtained using the
non-physical kaon mass evaluated using Eq. (21).
FIG. 11: The K∗ mass (left), the coupling constant gK∗piK (middle) and the decay width ΓK∗ (right) as functions of mpi. The
solid curves are obtained using the lowest Kpi energy level, the dotdashed curves are obtained using both the first and the
second energy levels, and the dashed curves are obtained using the three lowest energy levels. We find that these results are
almost the same.
To be complete, we also show the results calculated by fitting the phase shifts obtained using the three lowest
energy levels of Fig. 11. The solid curves are obtained using the first (lowest) Kπ energy level, the dotdashed curves
are obtained using both the first and the second energy levels, and the dashed curves are obtained using all the three
lowest energy levels. We find that these results are almost the same.
V. COMPARISON OF OUR RESULTS WITH THE STANDARD LU¨SCHER’S APPROACH
To make our analysis complete, we compare our results with the Lattice results obtained using the standard
Lu¨scher’s approach [5]. To do this, we follow the same approach of Refs. [15, 31–34]: we use as input the energy levels
which we have calculated in Sec. III and Sec. IV using our G-functions (Eqs. (4) and (11)), but evaluate phase shifts
using both our method and the Lu¨scher’s G-function.
The function I(qi) of Eq. (12) can be written as
1
2ω1ω2
ω1 + ω2
E2 − (ω1 + ω2)2 + iǫ =
1
2E
1
p2 − ~q2 + iǫ (a)
− 1
2ω1ω2
1
ω1 + ω2 + E
(b)
− 1
4ω1ω2
1
ω1 − ω2 − E (c)
− 1
4ω1ω2
1
ω2 − ω1 − E (d) ,
(22)
10
FIG. 12: The comparison of our results with results obtained from the standard Lu¨scher’s approach. The dashed curves are the
phase shift evaluated using the standard Lu¨scher’s approach, while the solid curves are our results. The left panel is obtained
using the lowest Kpi energy level shown in Fig. 3, where mpi = 138 MeV and mK = 496 MeV, while the right panel is obtained
using the lowest Kpi energy level shown in the right panel of Fig. 9, where mpi = 266 MeV and mK = 552 MeV [17].
In the standard Lu¨scher’s approach only the first term of this equation is kept. We use the following two sets of
energy levels: a) the lowest Kπ energy level shown in Fig. 3, where mpi = 138 MeV and mK = 496 MeV are used;
and b) the lowest Kπ energy level shown in the right panel of Fig. 9, where mpi = 266 MeV and mK = 552 MeV
are used [17]. The obtained phase shifts are shown in Fig. 12, where the dashed curves are the phase shift evaluated
using the standard Lu¨scher’s approach and the solid curves are our results. These phase shifts can be similarly used
to fit the physical quantities:
a) : mK∗ = 961.54 MeV , gK∗piK = 8.25 ,ΓK∗ = 110.77 MeV , (23)
b) : mK∗ = 926.04 MeV , gK∗piK = 6.48 ,ΓK∗ = 17.14 MeV ,
Comparing these two figures, we clearly see that the Lu¨scher’s results and our results are quite similar in case (b)
when nonphysical pion and kaon masses are used. This confirms the validity of the standard Lu¨scher’s approach in
the real simulation. There are some differences in case (a) when the physical pion and kaon masses are used, but still
both results are consistent with each other within uncertainties, considering the uncertainties related to phase shifts
are quite large, as shown in the right panel of Fig. 6.
We note that this discrepancy is partly caused by hidden systematics in different approaches. Moreover, the result
at higher energy is obtained using a smaller volume, which could cause sizable finite volume effects (see also discussions
in Refs. [2, 15]). Accordingly, we would like to suggest Lattice theorists to pay attention to this effect when they
extract the physical information using the Lattice data calculated in a (too) small box, for example, if they want to
use the physical pion mass but still the computational power is limited. For completeness, we try to find where these
differences come from by adding the second, the third and the fourth terms of Eq. (22) to the first standard Lu¨scher’s
term. The results for physical pion and kaon masses, are shown in Fig. 13, and the results for mpi = 266 MeV and
mK = 552 MeV, are shown in Fig. 14. These results suggest that the relativistic corrections can be well taken into
account by simply adding either the third or the fourth terms of Eq. (22).
VI. THE INVERSE PROBLEM OF GETTING PHASE SHIFT FROM LATTICE DATA
In this section we study the inverse process of getting phase shifts from Lattice Data using two energy levels and
a parametrized potential. This has also been done in Refs. [5, 7, 12–15], showing this method is rather efficient. To
do this we assume that the first and second energy levels shown in Fig. 3 are “Lattice” inputs, or “synthetic” data.
We shall use them to inversely evaluate the V -matrix and then calculate phase shifts. At the same time we shall give
these “lattice data” some error bars which can be used to evaluate the uncertainties of the phase shifts.
Our procedures follow Refs. [5, 7, 12–15]. We take five energies from the first level and five more from the second
one (we note that their volumes are also different), and associate to them an error of 10 MeV. Then we use the
following function which accounts for a CDD pole [40] to do the one-channel fitting:
V = −ap2(1 + bs
c2 − s ) . (24)
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FIG. 13: Contributions of the second, the third and the fourth terms of Eq. (22), where physical pion and kaon mass are used,
mpi = 138 MeV and mK = 496 MeV. The solid curves are our results; the dashed curves are the phase shift evaluated using the
standard Lu¨scher’s approach, i.e., the first term of Eq. (22); the short-dashed curves are obtained using the first and the second
terms of Eq. (22); the middle-dashed curves are obtained using the first and the third terms of Eq. (22); the long-dashed curves
are obtained using the first and the fourth terms of Eq. (22). We note that sometimes the middle-dashed and long-dashed
curves are overlapped with each other. In the left panel we show phase shifts extracted from the first energy level of Fig. 3,
and in the right panel we show phase shifts obtained using the second energy level of Fig. 3.
FIG. 14: Contributions of the second, the third and the fourth terms of Eq. (22), where non-physical pion and kaon mass
are used, mpi = 266 MeV and mK = 552 MeV [17]. We note that sometimes the middle-dashed and long-dashed curves are
overlapped with each other.
where a, b and c are three free parameters which we shall fit with the “Lattice” data shown in Fig. 3. The results are
shown Fig. 15 where the energy levels are calculated from all the possible sets of parameters having χ2 < χ2min + 1.
Here χ2min = 0.064 is the best fitting we obtained, where the three parameters are:
a = 6.50× 10−5 MeV−2, b = 0.79, c = 918.90 MeV , (25)
we find that errors in the phase shift are large at small energies, but they become smaller as the energy increases.
As mentioned in Ref. [5] the result of this inverse analysis does not depend on which cut off, or subtraction constant
one uses in the analysis, as far as one uses the same ones to induce V from the lattice data and then later on to get
phase shifts in the infinite volume from Eq. (1). The method proves to be practical and efficient.
VII. CONCLUSION
In this paper we use the efficient strategy proposed in Ref. [5] to obtain Kπ phase shifts, and thus the K∗ meson
properties from energy levels obtained in lattice calculations. To do this we studied the Kπ interaction in P -wave in
a finite box using the chiral unitary approach which has been very successful to provide Kπ phase shifts in infinite
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FIG. 15: The solid curves are the best fitted results χ2min = 0.064 and the bands are fits that fulfill the χ
2 < χ2min +1 criterion.
We note that these bands are not error bars, so it is ok that the right-most point in the right panel is within them. The discrete
points on the right figure are the results of the direct determination from each “data” points on the left figure.
space. We evaluated energy levels which are functions of the cubic box size L and the pion mass mpi. Then we use
these energy levels to obtain Kπ phase shifts. Finally we use these phase shifts to fit the physical quantities for
the K∗ meson: mK∗ = 894.89
+39.75
−37.77 MeV, gK∗piK = 6.48
+0.13
−0.12, ΓK∗ = 50.68
+8.24
−8.00 MeV. To compare our results with
the Lattice QCD calculations, we also used non-physical pion masses and redid the same calculations. We note that
other parameters can also change with mpi, and we have considered these effects. The comparison of our results with
the Lattice QCD results are shown in Table I and Table II, where we can see our results compare favorably with
those lattice results obtained in Refs. [16, 17]. We note that in these calculations we have estimated the theoretical
uncertainties.
To make our analysis complete, we compare our results with the Lattice results obtained using the standard
Lu¨scher’s approach. We find that the Lu¨scher’s results and our results are quite similar for the K∗(892) resonance
when the non-physical pion and kaon masses, mpi = 266 MeV and mK = 552 MeV, are used. There are some
differences when the physical pion and kaon masses are used, although both results are still consistent with each other
within uncertainties. This discrepancy is partly caused by hidden systematics in different approaches. Moreover, the
result at large energy are obtained using a small volume, and could cause sizable finite volume effects. Accordingly,
we would like to suggest Lattice theorists to pay attention to this effect when they extract the physical information
using the Lattice data calculated in a (too) small box, for example, if they want to use the physical pion mass but
still the computational power is limited. Our analyses also suggest that the relativistic corrections can be well taken
into account by simply adding either the third or the fourth term of Eq. (22). We also studied the inverse process of
getting phase shifts from our “synthetic lattice data using two energy levels and a parametrized potential.
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